This paper addresses the discrimination of closely spaced high speed group targets with radar transmitting linear frequency modulation (LFM) pulses. The high speed target motion leads to range migration and target dispersion and thereby the discriminating capability of the high range resolution profile (HRRP) deteriorating significantly. An effective processing approach composed of stretch processing (SP), modified fractional Fourier transform (FrFT), and multiple signal classification (MUSIC) algorithm is proposed to deal with this problem. Firstly, SP is adopted to transform the received LFM with Doppler distortions into narrow band LFM signals. Secondly, based on the two-dimensional range/velocity plane constructed by the modified FrFT, the velocity of the high speed group target is estimated and compensated with just one single pulse. After the compensation of range migration and target dispersion simultaneously, the resolution of the HRRP achieved by single pulse transmission improves significantly in the high speed group targets scenarios. Finally, MUSIC algorithm with superresolution capability is utilized to make a more explicit discrimination between the scatterers in comparison with the conventional SP method. Simulation results show the effectiveness of the proposed scheme.
Introduction
The task of detecting unresolvable group targets raises new challenges for both target detection and discrimination. A group target refers to a group of subtargets in a formation flying in the same direction with the same speed, such as aircrafts in a close formation, missiles with multiple warheads, or space debris in outer space orbit [1] [2] [3] [4] . High range resolution profile (HRRP) of a wide band radar is an effective technique for the discrimination of a group target, and it has been intensively investigated in the field of automatic target recognition (ATR) [5] [6] [7] . The resolution of group targets can be improved by the increase of the system bandwidth as well as the exploitation of superresolution algorithms in range dimension. The increase of the bandwidth means more difficulties in the manufacture of transmitting tube and receiver end. On the other hand, superresolution algorithm is an alternative way to get range profiles with improved resolution beyond what is limited by the bandwidth of the signal [8] [9] [10] . Several suggestions for dealing with the superresolved range profiles can be found in open literatures.
A method to extract the range location of point scatters using a Prony model is investigated in [11] . Several key components to the algorithm, such as the removal of spurious scattering centers, are analyzed. Burg's AR method is discussed in [12] to generate high-resolution profiles. The poles of the HRRP are extracted using the method of AR modified covariance in [13] . Superresolution called multiple signal classification (MUSIC) is investigated in [14] to form the prominent peaks in range-Doppler dimension. The performance of MUSIC algorithm is further investigated in [15] to generate superresolved range profiles. Relaxation-based algorithms with superresolution capability are proposed in [16] for HRRP feature extraction of moving targets consisting of scatterers closely spaced in range. Superresolution algorithms, including adaptive pulse compression algorithm and least-squares estimation, are investigated in [17] in comparison with the nominal resolution of the standard matched filter. Diagonal loading of the two superresolution approaches is discussed in the case of matrix ill-conditioning. Linear predictive bandwidth extrapolation techniques are used in [18] for obtaining improved range superresolution. Side-lobe cancellation and singular value decomposition are utilized in computing the linear prediction filter coefficients.
Though HRRP with superresolution has been achieved by the above-mentioned methods, range profile distortion caused by target motions is not taken into consideration in the above literatures. The radial velocity of the target leads to range migration and dispersion of the HRRP [19, 20] . Hence, the characteristics extracted from the HRRP reduce greatly. Several techniques, such as target velocity compensation using maximum likelihood (ML) estimation [21] , phase coded stepped-frequency waveform transmission [22, 23] , and two successive stepped-frequency pulse train transmission [24] , have been proposed to reconstruct the distorted HRRP. However, these techniques are based on the pulse train processing. For radar working in single pulse mode, little has been done in regard to range resolution in high speed target motion scenarios.
Pulse train transmission is essential to improve the resolution of velocity of a moving target. However, the HRRP based on single pulse is more efficient for the identification of a group target. To a conventional aerodynamic target, distortion caused by the target motion is not so severe during the pulse width of a single pulse. For high speed group target with multiple subtargets, such as a missile with multiple warheads or space debris flying in orbits, the Doppler effect leads to serious distortion on the HRRP.
The aim of this research is to design a methodology with further capability for feature extraction in case of severe Doppler distortion. A processing chain based on stretch processing (SP) [25] [26] [27] , modified fractional Fourier transform (FrFT) [25, 26] , and superresolution algorithm (such as MUSIC [28] ) is proposed to make discrimination between the subtargets. For radar system exploiting linear frequency modulation (LFM) signal, SP is another efficient approach to realize the matched filter by looking for the echoes within a predefined range interval of interest [29] [30] [31] . SP is usually used in the wide band processing in synthetic aperture radar (SAR), reducing the bandwidth requirement of the subsequent processing. We choose the classical MUSIC algorithm as a tool to achieve higher range resolution profiles. Better discrimination results can be achieved by the utilization of superresolution algorithm in comparison with the conventional Fourier transform (FT) method.
Since the SP and MUSIC algorithms have been used for resolution in range dimension, the main difference of this paper from the open literatures lies in the utilization of FrFT. FrFT has become one of the most important tools applied in the field of radar signal processing [29] . By exploiting FrFT with a proper rotation factor, a chirp signal becomes a signal with single frequency in an alternative mapping U domain. The energy-focusing characteristic of the FrFT makes it a powerful tool in the field of matched filtering, target detection, and parameter estimation for radar systems utilizing chirp signals [32, 33] . FrFT algorithm is utilized in this paper to compensate for the distortion caused by Doppler effect for transmitted signals in LFM form. The unwanted dispersion of the HRRP caused by target motion can be easily removed by FrFT, providing focused HRRP with no dispersion. However, the range migration caused by frequency shift remains uncompensated. Hence, a kind of modified FrFT is proposed based on a priori knowledge of the transmitted signal. The target dispersion and range migration both can be compensated with the modified FrFT; thereby superresolution range profile and radial velocity are obtained simultaneously.
The organization of this paper is as follows. In Section 2, the model of the HRRP is analyzed and the conventional processing chain based on SP to achieve the HRRP is discussed. The range migration and target dispersion effect caused by target motion are investigated in detail. In Section 3, the defects of Doppler distortion compensation using FrFT and the advantages of modified FrFT are investigated. The processing chain based on SP, modified FrFT, and MUSIC is proposed for LFM signal transmission scenarios in Section 4. In Section 5, the performance of the modified FrFT for Doppler compensation and velocity estimation is tested through numerical simulations. The performance comparison between the conventional and the proposed processing chain is also validated by computer simulations. Finally, Section 6 summarizes the work of this paper.
Problem Formulation
Group target is composed of a group of subtargets flying in close formation with the same speed. The HRRP achieved by a wide band radar can be recognized as the transfer function of the group target. The transfer function of the target echoes with different time delays can be expressed as [1, 2] 
where denotes the number of the scatterers, superscript [⋅] transpose operation, the time variable, the time delay of the th subtarget, the complex amplitude coefficient of the th subtarget, and ( ) the impulse response. The received scatterers of a moving target can be modeled as
where ⊗ represents the convolutional operator, ( ) denotes the transmitted signal, is the Doppler shift of the group target, exp{ [⋅]} is the exponential representation of complex numbers, and ( ) is the addictive white Gaussian noise (AWGN) in the receiver channel.
For radar transmitting LFM signals, the transmitting LFM pulse can be written as
where = / is the frequency modulation rate, the signal band width, the pulse width, and the carrier frequency of the transmitted signal. According to (2) , the scatterer of the th subtarget with Doppler shift can be expressed as
The group target with scatterers can be described by the following sum:
The reflections in the receiver end with channel noise can be written as
The effect of noise is neglected in the following analysis for simplicity. Without considering the influence of noise, the superposition of the scatterers of the subtargets in the radar receiver is of the following form:
2.1. SP for LFM Transmission. The conventional processing chain to achieve HRRP is presented in Figure 1 [5, 7] . Reducing the sampling frequency greatly, the technique based on SP and FT has the same resolving performance as that of the pulse compression technique. Figure 2 shows an alternative processing chain based on superresolution in range dimension exploiting SP and MUSIC algorithms [14] . More features can be extracted by the superresolution algorithm in comparison with the conventional FT approach in Figure 1 . The LFM echoes after SP are converted into multiple frequencies if Doppler distortion caused by target motion is not taken into consideration. The SP technique is summarized as follows [25] :
(1) Designating the reference range and the characteristics of the LFM waveform.
(2) Exploiting SP for the receiving analog signal in the receiver during the interval of interest instead of the entire range span.
(3) Achieving the frequency spectrum of the signal by FT analysis.
(4) Converting each peak frequency into the corresponding range value using the frequency spectrum.
The reference signal for SP is of the form [25, 27] 
where is the signal window for SP defined in the range of
where is the speed of light (3 × 10 8 m/s) and max and min represent the maximum and minimum range for processing, respectively. Correlating the reference signal in (8) with the received signal in (7), we have [29, 30] 
where [⋅] * denotes complex conjugate. From formula (10), we can see that the time delay of the subtarget echoes has been converted into signals with different frequencies if the Doppler frequency is supposed to be constant. For conventional processing, FT is carried out after SP [27] :
where represents the angular frequency. It has been proven that SP has the same performance as that of the matched filtering technique. Target signatures extracted from the scatterers depend on the resolution of the spectrum of the FT, which is usually realized by fast Fourier transform (FFT). Therefore, the resolution improvement of the frequencies is of great benefit to the discrimination of the target.
Doppler Distortion on the HRRP.
For group target in uniform motion, the Doppler frequency shift of the group target can be written as [19] 
where V 0 denotes the radial velocity of the group target, represents the wavelength of the transmitted signal, and is the instantaneous frequency. To a wide band signal, different is matched with different . According to formulas (3) and (12), we get the Doppler of a transmitted LFM signal:
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Hence, formula (10) can be rewritten as
From formulas (13) and (14), we can see that the variation of the Doppler frequency is proportional to the instant frequency of the transmitted LFM signal. The first exponential term in (14) corresponds to the frequency change of the signal due to target motion. The remaining signal after SP is still a LFM component due to the Doppler effect on the transmitted wide band LFM signals. From (14) , the two components of Doppler can be represented as
The signal window of SP is defined to be equivalent to the pulse width of the transmitted signal:
We get the frequency difference caused by component 1 during the signal window:
Note that the Doppler dispersion in (18) is proportional to the system bandwidth and the radial velocity of the group target. We can conclude that the first Doppler component 1 results in the time variant characteristics of the Doppler frequency, which leads to undesirable target dispersion in the HRRP. According to (14) , the superposition of the single tones consisting of Doppler component 2 in (16) and time delay components can be represented as
The time delay of each reflection is a function of the range cells, which is defined as
where represents the range of the th reflected scatterer. Substituting (20) into (19), we have
From the frequency term in (21), we can see that the Doppler component 2 induced by radial motion is coupled with the term caused by the target ranges and induces a range migration in the HRRP. The superposition of the subtarget scatterers without Doppler shift is of the following form:
Substituting (22) into (14) yields
From (18), (21), and (23) we can conclude that the there are two components caused by Doppler distortion: component 1 results in the dispersion of the subtargets and component 2 contributes to the range migration of the subtargets. Substituting (22) into (11), we get the ideal HRRP with the form of
The spectral peak in frequency domain corresponds to the range bins of each scatterer.
Compensation of Doppler Distortion and Velocity Estimation Using Modified FrFT
Subtargets dispersion and range migration caused by high speed target motion prevent the achievement of HRRP in a wide band radar with LFM transmitting. Hence, feature extraction from the HRRP becomes impractical without the compensation of the Doppler distortion. The approach of FrFT is proposed in this paper to compensate the Doppler distortion. The match effect of the FrFT is appropriate for the Doppler compensation of high speed moving target with uniform motion in a straight line. 
where is the transform order. The transformation kernel ( , ) is defined as
where is an integer, the rotation angle, cot[⋅] the cotangent operation, and csc[⋅] the cosecant operation. Substituting formula (26) into formula (25), we get
If the Doppler effect of a moving target matches the best transform angle, the echo signals can be well accumulated to be single frequencies. By letting
formula (27) becomes
The item exp{ cot ⋅ 2 /2} in (28) shows the rotation function of the FrFT. The slope rate of the kernel function exp{ (cot /2) 2 } changes with the value of . When the slope rate of the kernel function is matched with the signal, there will be a peak after the FrFT. The FrFT corresponds to the identity operator when = 0 or a multiple of 2 . For = /2, the FrFT takes the standard Fourier transform [28] .
From (23) and (28), we get
The compensation of the target dispersion term can be defined as
From (31), we can conclude that equation
where | ⋅ | denotes modulus operation. Hence, the velocity of the group target can be attained by calculating the following formula:
On the other hand, the range of parameter can be defined by setting the value of the velocity V 0 :
Though the compensation of the target dispersion component is accomplished, the range migration component remains:
It should be noted that the FrFT algorithm can not compensate both components of Doppler distortion at the same time.
Achieving HRRP Using Modified FrFT.
To compensate the first item and the second item of ( ) in (23) simultaneously, we define a modified version of FrFT. The new kernel function is defined as
where V is the variable for velocity searching. The principle of defining such a kernel function is based on the fact that the target radial velocity is the only unknown factor in (23) . The chirp rate of the transmitted signal, the signal window for analysis, the transmitted carrier frequency, and the pulse width are all a priori information in our radar system. The search of V is viable in practical applications because the range of a target's velocity is a priori knowledge. Target dispersion and range migration both can be compensated by the utilization of (36) simultaneously. Hence, variable V is not a simplified substitution to in (26) . We can also find that item exp{ (cot /2) 2 } in (28) has the function of rotation, which is similar to the item exp{− 2 (V/ ) 2 } in (36). Since the function of rotation is part of FrFT, we term the transform using formula (36) as modified FrFT. The transformation of the modified FrFT is of the following form:
Considering V as another dimension as frequency , (37) can be expressed as
By defining
Equation (38) can be rewritten as
According to (21) and (24), is in proportion to the ranges of the subtargets. Hence, formula (40) can be expressed as
where represents the range variable and ∈ [ min , max ]. The plane calculated from (41) is called range/velocity plane. The modulus of the range/velocity plane is calculated as follows:
| ⋅ | represents the modulus calculation of the range/velocity plane. If noise is considered in the above analysis, the range/ Doppler plane of (42) can be written as
where 2 is the variance of the noise ( ) in the receiver. With the variation of V and (or ), peak will occur in the twodimensional plane if the velocity and range bin of a scatterer are matched. The corresponding range bin and velocity can be calculated for each scatterer of the subtarget. For each resolving scatterer, there is a local maximum value in the range/velocity plane. Since all the subtargets of a group target fly at the same speed, the velocity of the group target can be estimated by searching the global maximum value on the two-dimensional plane. The range of velocity searching can be defined as follows:
V min and V max are the minimum and maximum velocity set according to a priori information, and ΔV is the step size of the velocity for searching. The so called a priori information refers to some general knowledge, such as the velocity of a target. For instance, we can define that the searching scope of the velocity of a target is limited in the scope of 0-700 m/s. Though the estimated velocity will be more accurate if the step size is smaller, the computational complexity increases significantly. Compromise must be made between accuracy and computational load. From (39), | ( , V)| reaches its maximum values in velocity dimension if the velocity of the target is matched:
The LFM scatterers in linear frequency modulation will be changed into a series of single frequencies without target dispersion and range migration:
The HRRP can be achieved by frequency transformation of (46), which has been shown in (22) and (24) . The HRRP of a group target with speed V 0 is a slice along the velocity dimension in the range/velocity plane, which can be expressed as
If the velocity of a group target is estimated, HRRP without distortion can be achieved. The process of velocity estimation and HRRP achievement of a group target can be summarized as follows:
(1) SP is performed within the receiving signal window.
(2) The two-dimensional range/velocity plane is calculated using modified FrFT (formula (38)).
(3) Velocity of the group target is determined by searching the maximum value on the plane.
(4) HRRP can be achieved by extracting the slice from the two-dimensional plane after the compensation of the target velocity (formula (24)).
Range Superresolution Profile Construction Using MUSIC
In order to extract more features from the HRRP, MUSIC algorithm with superresolution capability is adopted to process the signal in (46), which is the output of the modified FrFT. MUSIC estimates frequencies in (46) by performing eigendecomposition on the covariance matrix of ( ) after the velocity of the group target has been compensated.
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Defining V as a vector of samples ( > ) from ( ), we get [34] 
. . .
Considering the data model of MUSIC, the × covariance matrix in the expectation form is
where [⋅] is the expectation operator, I is the × identity matrix, and A is the × Vandermonde matrix of the signal frequencies. denotes the th frequency and
where ( ) is the th column of A, and A can be expressed as
S in (49) can be expressed as
where is the th signal with samples, which is defined in formula (4). Let be the eigenvalue and G be the eigenvector of covariance matrix R. The eigenvectors associated with the maximum eigenvalues are defined as the signal subspace U , and the other eigenvectors are defined as the noise subspace, U . The eigendecomposition of R is as follows:
where [⋅] denotes Hermitian transposition, and
From the orthogonality of the signal and noise subspaces, find the peaks in the estimator function The peaks estimated from (55) correspond to the range bins of the subtargets of the group target. As shown in Figure 3 , processing approach consisting of SP, modified FrFT, and MUSIC algorithm is used to construct the processing chain for radar systems with wide band LFM pulse transmission. The difference between the proposed approach and the methods in Figures 1 and 2 lies in the utilization of modified FrFT. The variations of the signals in time-frequency domain are shown in Figure 4 to express the effect of modified FrFT. The processing chain can be summarized as follows:
(1) Reception of the wide band LFM signal (formula (7)): the time-frequency characteristic of the received scatterers is shown in Figure 4 
Numerical Simulations
To evaluate the performance of the modified FrFT, a missile with multiple warheads flying in close formation was emulated. Three algorithms were selected for comparison study in the numerical simulations, including the conventional method of SP, the method of SP and FrFT, and the combined method using SP, FrFT, and MUSIC algorithms. We term the three algorithms as follows:
Method I: the method of SP (realized by FFT). Method II: the method of SP + modified FrFT. Method III: the method of SP + modified FrFT + MUSIC.
Compensation of Doppler Distortion Using Modified FrFT.
Comparison study was carried out between method I and method II to observe the compensating performance for Doppler distortion using modified FrFT. As shown in Table 1 , three warheads with different range cells were simulated. The conditions of numerical simulations are as follows:
(1) Bandwidth: 200 MHz.
(2) Sampling rate: 400 MHz. Figure 5 clearly demonstrates that two of our three subtargets are too close to be resolved by conventional method I. There is a range shift for all three subtargets, which is far from the true value in Table 1 . Figure 6 illustrates the range/ velocity plane using the modified FrFT. From Figure 6(b) , the contour plot of Figure 6 (a), it can be found that scatterers with better resolution can be achieved in the range domain as the compensating velocity is approaching the real value. We determine velocity of the group target by searching the maximum peak value on the two-dimensional range/velocity plane. The estimated velocity was 4980 m/s, with an error of 20 m/s. Figure 7 then illustrates the estimated HRRP obtained by method II. Note that method II with Doppler compensation clearly resolves the three subtargets and accurately locates their range positions. The range shift was successfully compensated and the positions of the scatterers were correctly located.
The Performance of Velocity Estimation Using Modified
FrFT. Monte Carlo simulation of 100 times was used to evaluate the performance of target velocity estimation using method II. The simulation conditions were the same as those used in Section 5.1. The estimated mean value and standard variance of the target velocity in different SNR conditions are given in Figures 8 and 9 , respectively. Figure 8 shows that the estimated mean value approaches its true value 5000 m/s as SNR increases. From Figure 9 , we can see that the standard variance of the velocity tails off with the increase of the SNR. In other words, the deviation of the measurement from its true value is diminishing as SNR increases.
Performance Comparison between Method II and Method III.
The difference of resolution between method II and method III is investigated in this simulation. The simulation conditions are as follows:
(1) Transmitting signal pulse width: 50 s.
(2) The bandwidth of the signal: 600 MHz. Other conditions are the same as those in Section 5.1. The range cells of the subtargets (warheads) added in the simulation are listed in Table 2 .
Two groups of simulation with different SNR were carried out to test the performance of method II and method III. The target velocity was firstly estimated and compensated using modified FrFT when using method II and method III. shown in Figures 10 and 11 . Note that the subtargets 1-4 can not be identified. The results of method III in different SNR conditions are given in Figures 12 and 13 , respectively. Four subtargets can be resolved by method III.
Conclusions
Superresolution of the high speed group target for wide band radar using LFM pulse is investigated in this paper. The target dispersion and range migration caused by the Doppler distortion in the wide band are compensated by the utilization of modified FrFT. Comparing with the conventional SP method, processing chain consisting of SP, modified FrFT and MUSIC algorithm have been adopted to achieve clearer discrimination between the subtargets. Exploiting the modified FrFT technique, the velocity of the group target can be estimated simultaneously with just one single pulse. The validity of the proposed approach is proven by computer simulation.
